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1.  Introduction 

A  common  problem  that  arises  In  practice  Is  the  comparison  of  k  (>  2) 
Bernoulli  processes  (or  populations)  with  unknown  parameters 

P1»-*..Pk.  respectively,  where  the  p^'s  denote  the  'success*  probabilities. 
For  example,  the  k  Bernoulli  processes  can  represent  the  manufacturing 
processes  of  k  vendors  and  p.  can  then  denote  the  probability  that  an  Item 
manufactured  by  the  1th  vendor  will  conform  to  specifications.  Let 
P[]]  !•••£  denote  the  ordered  parameters.  It  is  assumed  that  there 
is  no  prior  knowledge  regarding  the  correct  pairings  of  the  ordered  and  the 
unordered  p^'s.  The  vendors  (or  the  processes)  are  ranked  according  to  the 
values  of  p^'s.  The  vendor  associated  with  Pj-k]»  the  largest  p^,  is  called 
the  best. 


Let  • • »Xk  denote  the  number  of  conforming  items  from  these 

vendors  based  on  a  random  sample  of  n  Items  from  each  manufacturing  process. 
Our  Interest  Is  to  define  a  statistical  procedure  based  on  X1f...,Xk  to 
select  a  nonempty  subset  of  the  k  vendors  with  a  guarantee  of  minimum 
probability  P*  that  the  best  vendor  is  Included  In  the  selected  subset. 
Selection  of  any  subset  which  Includes  the  best  Is  called  a  correct 
selection  (CS).  Thus  the  probability  of  a  correct  selection  using  a  rule  R, 
P( CS | R) ,  should  satisfy  the  condition  that 
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P(CS | R)  i  P* 


O.i) 

whatever  be  the  unknown  values  of  the  p^'s.  This  condition  Is  generally 
referred  to  as  the  P*-cond1tion.  Obviously,  for  a  meaningful  problem, 

1/k  <  P*  <  1. 

Any  procedure  R  that  satisfies  (1.1)  is  a  valid  procedure.  We  need 
to  establish  a  criterion  for  evaluating  the  performances  of  valid  procedures. 
One  such  criterion  is  the  expected  value  of  S,  the  nunfcer  of  populations 
Included  in  the  selected  subset.  S  is  known  as  the  subset  size  and  it  is 
a  positive  integer- valued  random  variable.  One  may  also  consider  the  related 
quantity  E(S'),  where  S'  denotes  the  number  of  non-best  populations  Included 
in  the  selected  subset.  Let  denote  the  probability  of  including  the 
process  associated  with  P^].  1  *  l,...,k.  Obviously,  ak  *  PCS.  It  is 
also  easy  to  see  that 

IE ( S )  s  aj  +. . .+ 

E(S 1 )  =  a-j  +. . .+  a^_i . 

The  a.j 1  s  are  called  the  individual  selection  probabilities.  One  may  also 
consider  a  criterion  which  combines  E(S)  and  PCS.  Such  a  criterion,  namely, 
E(S)/PCS  has  been  considered  In  the  literature.  All  these  criteria  that  are 
used  to  evaluate  a  valid  procedure  are  called  the  operating  characteristics 
of  the  procedure.  In  our  present  study,  we  use  the  expected  subset  size 
and  the  Individual  selection  probabilities.  Also,  we  study  these  for 
rules  of  the  same  form  as  R  for  different  values  of  n  and  d  for  a  given 
k.  In  other  words,  we  are  not  considering  a  single  value  of  d  corresponding 
to  a  given  P*. 

For  an  understanding  of  the  Importance  and  need  of  these  decision 
problems  In  Industry,  reference  should  be  made  to  Hearing  (1982). 
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2.  The  Gupta-Sobel  Rule 

Gupta  and  Sobel  (1960)  proposed  and  studied  a  rule  R  defined  as  follows. 

R:  Select  *.  If  and  only  If  X4  >  max  X.-d  where  d  *  d(k,n,P*)  Is 
1  1  "  l<j<k  3 

the  smallest  nonnegative  integer  such  that  the  P*-condition  is  satisfied. 

The  constant  d  satisfies 

(2.1)  inf  P(CS|R)  >  P* 

ft 

where  ft  =  {p|p  =  (p1 ,. . . ,pk),  0  <  p.  <  1,  i  =  1 . k}  is  the  parameter 

space.  Gupta  and  Sobel  (1960)  have  shown  that  the  infimum  on  the  left- 
hand  side  of  (2.1)  is  attained  when  p^  *...=  pfc.  Thus,  we  evaluate 
P(CS|R)  for  p1  =...*  pk  *  p  (say)  and  rewrite  (2.1)  as 

(2.2)  inf  l  (;)pJ‘(l-p)n‘j{dij(J)py(l-p)n“y}k'1  >  P*. 

0<p<1  j=0  3  y*0  y 

There  is  no  known  result  regarding  the  value  of  p  for  which  the  infimum 
in  (2.2)  is  attained  except  in  the  special  case  of  k  -  2.  When  k  =  2,  the 
infimum  is  attained  for  p  =  0.5.  When  n  is  large  enough  to  justify  normal 
approximation,  the  constant  d  is  approximated  by  d  =  (u/n-l)/2  which  is 
given  by 

(2.3)  /  *k"1(x+u)<p(x)dx  =  P* 


where  *  and  tp  denote  the  cdf  and  the  density  of  a  standard  normal  variable. 

The  ualuac  nf  ri  haua  haan  tahnl atari  hw  anH  <,nhal  l 19601  0r 
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3.  Operating  Characteristics 

Let  us  assume  without  loss  of  generality  that  <• .  .£  p^.  As  we 

pointed  out  earlier,  we  consider  the  rule:  Select  if  and  only  if 

X.  >  max  Xj-d,  where  0  <_  d  <_  n.  The  operating  characteristics  studied 
1  l<j£k  J 

are  the  expected  subset  size  and  the  individual  selection  probabilities. 
We  consider  two  types  of  parametric  configurations,  namely,  (1)  the 
slippage  configuration  defined  by  p=p^  = ... =p |(_i  =  P^-4.  0  <  6  <  1-p,  and 
(2)  the  equi-spaced  parametric  configuration  defined  by  P1+1~P1  =  «» 
i  *  l,...,k-l,  0  <6<(l-p)/(k-l).  For  convenience,  let 


(3.1) 


b(x;  n,p)  =  (J)pX(l-p)n-X,  x  =  0,1 . n 

t 

B(t;  n,p)  =  £  b(x;  n,p),  t  =  0,1,. ..,n. 
x=0 


3.1.  Slippage  Configurations 

For  the  configuration  (p,p,. .. ,p. p+6 ) ,  0  <  6  <  1-p,  we  get 

'  PCS  =  =  l  b(x;  n,p+fi)[B(x+d;  n,p)]k-1, 

x=0 

n  nk-2 

a,  =  l  b(x;  n,p)B(x+d;  n,p+6)[B(x+d;  n,p)]  , 

1  x=0 

i  =  1 . k-1. 

Any  specified  non-best  population  has  the  same  probability  of  being  selected  and 
we  denote  this  by  P(NCS).  Also,  E(S)  =  (k-l)a^  +  PCS. 

We  present  tables  and  graphs  for  the  operating  characteristics  In  the 
case  of  three  slippage  configurations.  These  are, given  by  the  following 
pairs  of  p  and  5  values: 
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(I)  p  =  .50,  6  =  .10,  (II)  p  =  .75,  6  =  .05,  (III)  p  =  .90,  6  =  .03. 
Tables  1A  through  1C  give  the  values  of  PCS,  P(NCS),  and  E(S)  for 
k  =  3,5,10,15;  d  *  2, 3,4, 5;  and  n  =  5(5)50  In  the  case  of  the  three  configura¬ 
tions  I  -  III.  Figure  1  shows  the  graph  of  E(S)  as  a  function  of  n  for  the 
rule  with  d  «  2  for  k  =  3,5,10  when  the  slippage  configuration  is  given  by 
p  =  .90  and  6  =  .03.  This  figure  also  shows  for  n  =  10(10)50,  the  value  of 
PCS  when  6=0,  that  is,  when  all  the  parameters  are  equal  to  .90.  Figures 
2A  through  2C  and  3A  through  3C  are  graphs  of  E(S)  as  a  function  of  n  for 
d  =  2, 3,4, 5.  The  first  set  (2A-2C)  is  for  the  slippage  configuration  with 
p  =  .75  and  6  =  .05  when  k  =  3,5,10  and  the  second  set  (3A-3C)  is  for  the 
configuration  with  p  =  .90  and  «  =  .03  when  k  =  3,5,10.  These  results 
and  examples  are  discussed  in  the  next  section. 

For  sufficiently  large  n,  one  can  use  the  normal  approximation  and 
obtain 


PCS .  ♦  ^iV2w,)d,. 

/npq 


(3.3) 


a.  -  f>-2r*  X  ♦  - Wxldx. 


i  =  1 ,. . . ,k-l , 


where  q  *  1-p. 

3.2  Equi -spaced  Parametric  Configuration 

For  the  configuration  (p,p+6,...,p+(k-l)6),  0  <  6  <  (l-p)/(k-l),  we 

have 

n 

a*  “  I  b(x;  n,p+(1-l)6)  n  B(x+d;  n,p+(j-l)6),  1  «  l,...,k. 

1  x-0  Jfl 


J 


(3.4) 


y 
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We  note  that  Is  the  probability  of  Including  the  non-best  population 
with  parameter  p  +  (1-1)6,  1  =  l,...,k-l,  and  ak  Is  the  PCS.  For  large  n, 
the  normal  approximation  yields 


(3.5) 


- 1 . k. 

1  -j+1  /0j(1  V  /nQjd-ep 


where  ei  =  p+( 1-1)6,  1  =  l,...,k. 

4.  Numerical  Illustrations  and  Discussion 

For  the  purpose  of  illustrating  our  rule  and  the  use  of  the  tables, 

let  us  assume  that  we  have  k  =  5  processes  n-|, with  parameters  in  a 

slippage  configuration  (p,p,p,p,p+6)  with  p  =  .90  and  6  =  .03.  Let  x1 

denote  the  realized  value  of  X^,  i  =  1,...,5,  in  a  (hypothetical)  data  set 

based  on  random  samples  of  size  n  =  30  from  these  processes.  Suppose  that 

Xj  =  27,  x2  =  25,  x3  s  24,  x4  *  22  and  x&  =  28.  Consider  the  rule  R  with 

d  *  2.  This  rule  selects  those  processes  for  which  x.  >  max  x.-2;  in 

l<j<5  J 

other  words,  those  for  which  x1  >_  28-2  *  26.  This  results  In  the  selection 
of  the  subset  {TTj.iTg},  Note  that  is  the  best  process.  Consulting  Table 
1C  we  find  that  the  PCS  for  our  rule  Is  0.86.  Further,  the  probability  of 
including  a  specific  non-best  population,  say,  n3  is  0.66  and  the  expected 
subset  size  is  3.52.  If  all  the  processes  were  identical  with  p  =  .90,  the 
PCS  would  have  been  only  0.702  (see  Figure  1). 

Given  the  5  processes,  one  may  want  to  decide  on  a  pair  (n,d)  to  use  in 
R.  If  we  can  assume  that  the  parameters  are  in  a  slippage  configuration 
with,  say,  p  *  .75  and  6  =  .05,  we  can  look  for  a  pair  (n,d)  for  which  the 
PCS  Is  at  least  a  specified  number,  say,  .90.  If  there  are  more  than  one 
such  pair  with  same  n,  we  will  naturally  take  the  pair  which  has  the 
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smallest  E(S).  Consulting  Table  18,  we  have  the  options  listed  below. 


n 

d 

PCS 

E(S) 

5 

2 

.96 

4.65 

10 

3 

.96 

4.56 

15 

3 

.92 

4.13 

20 

4 

.95 

4.32 

25 

4 

.93 

4.06 

30 

4 

.91 

3.82 

35 

4 

.90 

3.62 

40 

5 

.93 

3.91 

45 

5 

.93 

3.74 

50 

5 

.92 

3.60 

It  should  be  noted  that  because  of  the  discrete  nature  of  the  distribution 
involved,  an  Increase  In  n  does  not  necessarily  produce  a  better  option.  In 

the  range  of  our  table,  we  see  that  the  best  option  is  n  =  50  and  d  =  5. 

Alternatively,  one  may  want  to  set  an  upper  bound  for  E(S)/k,  the 

expected  proportion  of  populations  selected.  If  we  set  this  bound  as 

.80,  then  we  look  for  pairs  (n,d)  for  which  E(S)  =  5  x  .80  =  4.  If  there 

are  more  than  one  such  pair  with  same  n,  we  take  the  pair  for  which  the 

PCS  is  maximum.  Consulting  Table  IB  again,  we  have  the  following  options. 


n 

d 

E(S) 

PCS 

10 

2 

3.89 

.87 

15 

2 

3.37 

.81 

20 

3 

3.77 

.88 

25 

3 

3.48 

.86 

30 

4 

3.82 

.91 

35 

4 

3.62 

.90 

40 

5 

3.91 

.93 

45 

5 

3.74 

.93 

50 

5 

3.60 

.92 

The  best  option  Is  n  *  45  and  d  *  5. 
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It  is  possible  to  use  other  criteria  for  choosing  the  pair  (n,d). 

If  we  feel  that  the  true  parametric  configuration  can  in  some  sense  be 
described  by  one  of  two  possible  slippage  configurations  given  by,  say, 
p  =  .75,  5  *  .05  and  p  =  .90,  5  =  .03,  then  we  can  choose  the  pair  (n,d) 
that  controls  the  PCS  or  E(S)  at  given  levels  for  both  configurations. 

5.  Concluding  Remarks 

The  rule  of  Gupta  and  Sobel  (1960)  which  we  considered  is  for  the  case 
of  samples  of  equal  size.  They  have  also  discussed  the  case  of  unequal 
sample  sizes.  These  rules  are  generally  known  as  unconditional  rules. 

Gupta,  Huang  and  Huang  (1976)  have  discussed  conditional  rules.  The  constant 
used  in  a  conditional  rule  not  only  depends  on  k  and  n,  but  also  the  data 
( Xj , • • . , x. ) .  Finally  the  processes  can  be  ranked  in  terms  of  suitable 
parametric  functions  rather  than  the  parameters  p^  themselves.  A  useful 
ranking  function  is  the  entropy  function  e  «  p  log  p  +  (l-p)log(l-p). 
Procedures  for  selection  in  terms  of  e^'s  have  been  proposed  and  discussed 
by  Gupta  and  Huang  (976). 
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Table  1A.  PCS  (top  line),  P(NCS)  (middle  line)  and  E(S)  (bottom  line) 


p-  0.50  delta*  0.10 


0.95  0  99  1  00  1.00  0.92  099  1  00  1.00  0.87  0.97  1.00  1  00  0  83  0.96  1.00  1  00 

0.87  0  97  1  00  1  00  0.82  0  95  0  99  1  00  0.74  0.93  0.99  1  00  0  70  0.91  099  1  00 

2.69  2  93  2.09  3.00  4.19  4  80  4  98  5.00  7.56  9.33  9  92  10.00  10. *0  13  69  14.83  IS  00 


0  90  0  96  0  99  1  00  0  84  0  93  0  98  0.99  0.75 

10  0.69  0  84  0.93  0.98  0.62  O  79  0.91  0.97  0,51 


0  89  0.96  0  99  0  69  0  86  0.95  0.93 


0  88  0  94  0  98  0  99  0.81  0.90  0.96  0.98  0  70  0.84  O  92  O  97  O  64  O  79  O  90  0  96 

15  0  58  0  73  0.84  0  92  0  SO  0  66  0.80  0  90  0  40  0  57  0  73  0  86  0  34  0  51  0  69  0  83 

2.04  2.39  2.66  2.83  2.81  3  56  4  1G  4  57  4.26  5.97  7.51  8.66  5.37  7.99  10.51  12.51 


0  87  O  93  0.97 

20  O  50  O  64  0.75 

1  88  2.20  2  47 

I  O  87  0.92  0.96 

25  0  44  0  56  0  68 

I  1.75  2  OS  2.32 

0  87  0  92  0  95 

30  0  40  0  50  0  61 

1.66  1  93  2.18 

0  87  0.92  0.95 

35  O  36  O  46  0.56 

1  59  1.83  2  07 


0.88 
40  0.32 

1.52 


0.92  0.95 

0.41  0.51 

1.75  1.97 

O  92  0.95 

O  38  O  46 
1.68  1  88 

O  92  0.95 

0.35  0.43 

161  1.80 


0  98  0  80  0  88  0  94  0.97  0.69 

0.85  0.43  0.57  0.70  0.81  0.33 

2.68  2  50  3.16  3.76  4.23  3.63 

0.98  0.79  0.87  0.93  0.96  0  68 

0.78  0  37  0  50  0.62  0  74  0  28 

2.54  2.28  2.87  3.43  3.92  3.21 

0.98  0.79  0  87  0.92  0.96  0  68 

0.71  0.33  0.44  o  56  0.67  0.25 

2.40  2.12  2.64  3.16  3.63  2.91 

0.97  0.80  O  87  0  92  0.95  0.69 

0.65  0.30  0  40  0  50  0.61  0.22 

2.28  1.99  2  45  2.93  3  39  2  68 

0.97  0.80  0.87  0.91  0.95  0.70 

0  60  0.27  0  36  0.46  0  56  0.20 

2.17  1.88  2.30  2  74  3.17  2  49 

0.97  0  81  O  «7  0.91  0.95  0.71 

O  55  0.25  O  33  0.42  0.51  O  18 

2.08  1.79  2  18  2.58  2  98  2.34 

0.97  0.82  0  87  0.91  0.94  0.72 

0.51  0.23  0  30  0.36  0.47  0.17 

1.99  1.72  2  07  2  44  2  81  2.22 


0.85  0.91 


3.33  4  27 


3  09  3.94 


0.23  0  31 

2  89  3  67 


O  40  O  1* 
4  51  2  5£ 


lO 

17 

72 

68 

14 

14 

0 

79 

0 

90 

0 

96 

0 

51 

0 

69 

0 

83 

7 

99 

10 

.51 

12 

.51 

0 

76 

O 

86 

0 

93 

o 

42 

0 

57 

0 

72 

6 

62 

8 

.88 

10 

96 

0 

74 

0 

84 

c 

91 

0 

35 

0 

49 

0 

62 

5 

69 

7 

68 

9 

66 

0 

73 

0 

83 

0 

90 

0 

31 

0 

42 

0 

55 

5 

Ol 

6 

77 

8 

60 

0 

73 

0 

82 

0 

88 

0 

27 

0 

37 

0 

49 

4 

50 

6 

06 

7 

73 

0 

73 

0 

81 

0 

88 

o 

24 

0 

33 

0 

44 

4 

70 

5 

49 

7 

01 

o 

73 

0 

81 

0 

87 

o 

22 

0 

30 

0 

39 

3 

77 

5 

02 

6 

40 

0. 

74 

0. 

81 

0 

87 

0. 

20 

o. 

27 

0 

36 

3. 

SO 

4  . 

63 

5 

83 
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Table  1A  (Continued).  PCS  (top  line),  P(NCS)  (middle  line)  and  E(S)  (bottom  line) 


p  =  0.50  delta  =  0.10 


k= 

3 

5 

10 

15 

U 

IHI 

m 

HI 

ta 

U 

tm 

u 

ta 

ta 

U 

Hi 

U 

u 

KB 

n 

0.90 

0.93 

0.95 

0.97 

0.83 

0.88 

0.92 

".94 

0 

.73 

0.80 

0.86 

0.90 

0.67 

0.75 

0.82 

0.87 

60 

0.23 

0.29 

0.36 

0.44 

0.19 

0.25 

0.32  0.40 

0 

.14 

0.20 

0.26 

0.34 

0.12 

0.17 

0.23 

0.30 

1.36 

1.51 

1.68 

1.84 

1.60 

1.89 

2.21 

2.54 

2 

.01 

2.57 

3.22 

3.93 

2.30 

3.07 

3.99 

5.05 

0.91 

0.93 

0.95 

0.97 

0.85 

0.89 

0.92 

0.95 

0 

.76 

0.81 

0.86 

0.90 

0.70 

0.76 

0.82 

0.87 

70 

0.20 

0.25 

0.31 

0.38 

0.17 

0.22 

0.28 

0.34 

0 

.12 

0.17 

0.22 

0.29 

0.10 

0.14 

0.19 

0.25 

1.30 

1.44 

1.58 

1.72 

1.51 

1.76 

2.02 

2.31 

1 

.86 

2.33 

2.88 

3.49 

2.11 

2.75 

3.53 

4.43 

0.92 

0.94 

0.96 

0.97 

0.86 

0.90 

0.93 

0.95 

0 

.78 

0.83 

0.87 

0.91 

0.72 

0.78  0.83 

0.88 

80 

0.17 

0.22 

0.27 

0.32 

0.14 

0.19 

0.24 

0.29 

0 

.11 

0.15 

0.19 

0.25 

0.09 

0.12 

0.17 

0.22 

1.26 

1.37 

1.49 

0.62 

1.44 

1.65 

1.88 

2.13 

1 

.74 

2.14 

2.61 

3.13 

1.95 

2.50 

3.16 

3.93 

0.93 

0.95 

0.96 

0.97 

0.88 

0.91 

0.93 

0.95 

0 

.79 

0.84 

0.88 

0.91 

0.74 

0.80 

0.85 

0.88 

90 

0.15 

0.19 

0.23 

0.28 

0.12 

0.16 

0.21 

0.26 

0 

.09 

0.13 

0.17 

0.21 

0.08 

0.11 

0.14 

0.19 

1.22 

1.32 

1.42 

1.54 

1.38 

1.56 

1.76 

1.97 

1 

.64 

1.99 

2.39 

2.84 

1.83 

2.30 

2.87 

3.53 

0.93 

0.95 

0.96 

0.98 

0.89 

0.92 

0.94 

0.96 

0 

.81 

0.86 

0.89 

0.92 

0.76 

0.81 

0.86 

0.89 

100 

0.13 

0.16 

0.20 

0.25 

0.11 

0.14 

0.18 

0.22 

0 

.08 

0.11 

0.15 

0.19 

0.07 

0.09 

0.13 

0.16 

1.19 

1.28 

1.37 

1.47 

1.33 

1.48 

1.65 

1.85 

1 

.56 

1.86 

2.21 

2.60 

1.73 

2.14 

2.63 

3.20 

0.99 

0.99 

0.99 

0.99 

0.98  0.98  0.99 

0.99 

0 

.96 

0.97 

0.97 

0.98 

0.94 

0.95 

0.96 

0.97 

250 

0.02 

0.02 

0.03 

0.04 

0.02 

0.02 

0.03 

0.04 

0 

.02 

0.02 

0.03 

0.03 

0.01 

0.02 

0.02 

0.03 

1.03 

1.04 

1.05 

1.07 

1.05 

1.07 

1.10 

1.13 

1 

.10 

1.14 

1.20 

1.26 

1.13 

1.20 

1.28 

1.37 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1 

.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

500 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0 

.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.00 

1.01 

1.01 

1 

.01 

1.01 

1.01 

1.02 

1.01 

1.01 

1.02 

1.02 

For  values  of  n  >  60,  the  values  in  the  above  table  were  computed  by  using 
the  normal  approximations  given  in  (3.3). 
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Table  IB.  PCS  (top  line),  P(NCS)  (middle  line)  and  E(S)  (bottom  line) 

p*  0.75  delta*  0.05 


L 

k»  3 

5 

10 

15 

■ 

ESI 

3 

4 

5 

2 

3 

4 

5 

2 

3 

4 

5 

2 

3 

m 

5 

n 

0.97 

1.00 

1  00 

1.00 

0.96 

1.00 

1.00 

1  .00 

0.95 

0.99 

1  .00 

1.00 

0.94 

0.99 

1.00 

1  OO 

5 

0.94 

0.99 

1.00 

1.00 

0.92 

0.99 

1 .00 

1  .00 

0.90 

0.99 

1  .00 

1  00 

0.90 

0.98 

1  .00 

1  00 

2.86 

2.98 

3.00 

3.00 

4.65 

4.95 

6.00 

5.00 

9.08 

9.86 

9.99 

10.00 

13.52 

14.78 

14.99 

15.00 

0.91 

0.97 

0.99 

1  .00 

0.87 

0.96 

0.99 

1.00 

0.80 

0.93 

0.98 

1.00 

0.77 

0.92 

0.98 

1.00 

10 

0.81 

0.93 

0.98 

1.00 

0.75 

0.90 

0.97 

099 

0.68 

0.86 

0.96 

0.99 

0.63 

0.84 

0.95 

0.99 

2.54 

2.83 

2.95 

2  99 

3.89 

4.56 

4.87 

4.97 

6.89 

8.69 

9.59 

9.90 

9.63 

12.65 

14.23 

14  82 

0.87 

0.95 

0.98 

0.99 

0.81 

0.92 

0.97 

0.99 

0.72 

0.87 

0.95 

0.98 

0.67 

0.84 

0.93 

0.98 

15 

0.72 

0.85 

0.93 

0.98 

0.64 

0.80 

0.91 

0.97 

0.54 

0.73 

0.87 

0.95 

0.48 

0.69 

0.85 

0.94 

2.31 

2.65 

2.85 

2.95 

3.37 

4  .  13 

4.61 

4.85 

5.57 

7.47 

8.79 

9.52 

7.45 

10.52 

12.79 

14. 10 

0.85 

0.93 

0.97 

0.99 

0.77 

0.88 

0.95 

0.98 

0.67 

0.82 

0.91 

0.96 

0.61 

0.77 

0.89 

0  95 

20 

0  65 

0.78 

0.88 

0.94 

0.56 

0.72 

0.84 

0.92 

0.45 

0.63 

0.79 

0.89 

0.40 

0.58 

0.75 

0.87 

2. 15 

2.49 

2.73 

2.88 

3.02 

3.77 

4.32 

4.68 

4.75 

6.52 

7.98 

8.98 

6. 16 

8.93 

11.36 

13.10 

0.83 

0.91 

0  96 

0.98 

0.75 

0.86 

093 

0.97 

0.63 

0.78 

0.88 

0.94 

0.57 

0  73 

0  85 

0.93 

25 

0  59 

0  73 

0.83 

0.91 

0.51 

0.66 

0.78 

0.88 

0.40 

0.56 

0.71 

0.83 

0.34 

0.50 

0.66 

0.80 

2.02 

2.36 

2.62 

2.79 

2.77 

3.48 

4.06 

4.47 

4  .  IS 

5.80 

7.26 

8.39 

5.31 

7.77 

10.  14 

12.07 

0.82 

0.90 

0.95 

0.97 

0.73 

0.84 

091 

0.95 

0.61 

0.75 

0.85 

0.92 

0.55 

0.70 

0.82 

0.90 

30 

0.55 

0  68 

0.78 

0.87 

0  46 

0.60 

0.73 

0.83 

0.35 

0.50 

0  64 

0.77 

0.30 

0.44 

0.59 

0.73 

1.92 

2.25 

2.51 

2.71 

2.58 

3.25 

3.82 

4.27 

3.79 

5.25 

6  65 

7  84 

4.72 

6.91 

9. 13 

11.11 

0.82 

089 

0.94 

0.97 

0.72 

0.82 

0.90 

094 

0.60 

0.73 

0.83 

0  90 

0.53 

0.67 

0.79 

0.88 

35 

0.51 

0.63 

0.74 

0.83 

0  43 

0.56 

0.68 

0.78 

0.32 

0.45 

0.59 

0.71 

0.27 

0.40 

0.54 

0.67 

1.85 

2.  16 

2.42 

2.63 

2.43 

3.05 

3.62 

4.08 

3  49 

4.82 

6. 15 

7.34 

4.28 

6.24 

8.31 

10.26 

0.81 

0.88 

0.93 

0.96 

0.72 

0.81 

0.89 

0.93 

0.59 

0.71 

0.81 

0.89 

0.52 

0.66 

0.77 

0.86 

40 

0.48 

0.60 

0.70 

079 

0.40 

0.52 

064 

0.74 

0.30 

0.42 

0.54 

0.67 

0.24 

0.36 

0.49 

0.62 

1.78 

2.08 

2.33 

2.55 

2.31 

2.89 

3.44 

3.91 

3.25 

4.47 

5.72 

6.89 

3.94 

5.71 

7.63 

9.51 

0.81 

O  88 

0.92 

0.96 

0.72 

0.81 

0.88 

093 

0.59 

0.70 

0.80 

0.88 

0.52 

0.64 

0.75 

0.84 

45 

0.46 

0.56 

0.67 

0.76 

0.37 

0.49 

0  60 

0.70 

0.27 

0.39 

0.51 

0.62 

0.23 

0.33 

0.45 

0.57 

1.73 

2.01 

2.26 

2.47 

2.21 

2.76 

328 

3.74 

3.06 

4. 18 

5.35 

6.49 

3.67 

5.28 

7.07 

8.87 

G .  8 1 

0  87 

0.92 

0.95 

0  71 

0.80 

0.87 

092 

0.58 

0.70 

0.79 

0.86 

0.51 

0.63 

0.74 

0.83 

50 

0.43 

0.54 

0.64 

0.73 

0.35 

0.46 

0.57 

0.67 

0.26 

0.36 

0.47 

0.59 

0.21 

0.31 

0.42 

0.53 

1  .68 

1.94 

2  .  19 

2.40 

2. 13 

2  64 

3.  14 

3.60 

2.90 

3.93 

5.04 

6. 13 

3.45 

4.93 

6.59 

8.30 

Table  IB  (Continued).  PCS  (top  line),  P(NCS)  (middle  line)  and  E(S)  (bottom  line) 


p  *  0.75  delta  =  0.05 


■ 

a 

• 

s 

5 

10 

15 

■ 

m 

3 

a 

5 

2 

3 

a 

5 

2 

3 

a 

5 

2 

3 

a 

5 

n 

0.81 

0.87  0.91 

0.94 

0.70 

0.78 

0.85 

0.90 

0.56 

0.66 

0.75 

0.83 

0.48 

0.59 

0.69  0.78 

0.39 

0.48  0.58  0.66 

0.31 

0.41 

0.50 

0.60 

0.22 

0.30 

0.40 

0.50 

0.18 

0.25 

0.34  0.44 

1.59 

1.83  2.06 

2.27 

1.96 

2.41 

2.86 

3.30 

2.55 

3.41 

4.35 

5.34 

2.94 

4.11 

5.48  6.97 

0.81 

0.87  0.91 

0.94 

0.71 

0.78 

0.85 

0.89 

0.57 

0.66 

0.75 

0.82 

0.49 

0.59 

0.68  0.77 

0.36 

0.44  0.53 

0.61 

0.29 

0.37 

0.46 

0.55 

0.20 

0.28 

0.36 

0.45 

0.16 

0.23 

0.31 

0.39 

1.53 

1.75 

1.96 

2.16 

1.86 

2.26 

2.68 

3.08 

2.38 

3.14 

3.99 

4.88 

2.72 

3.75 

4.96  6.30 

0.82 

0.87 

0.91 

0.94 

0.71 

0.78 

0.84 

0.89 

0.57 

0.66 

0.74 

0.81 

0.49 

0.59 

0.68  0.76 

Iv»l 

0.33 

0.41 

0.49 

0.57 

0.27 

0.34 

0.42 

0.50 

0.19 

0.25 

0.33 

0.41 

0.15 

0.21 

0.28  0.36 

1.48 

1.68 

1.88 

2.07 

1.73 

2.15 

2.52 

2.90 

2.25 

2.93 

3.69 

4.51 

2.55 

3.47 

4.55 

5.75 

0.82 

0.87  0.90 

0.93 

0.72 

0.79 

0.84 

0.89 

0.58 

0.67 

0.74 

0.81 

0.50 

0.59 

0.68  0.75 

90 

0.31 

0.38  0.45 

0.53 

0.25 

0.31 

0.39 

0.47 

0.17 

0.23 

0.30 

0.38 

0.14 

0.19 

0.25  0.33 

1.44 

1.63 

1.81 

1.99 

1.71 

2.05 

2.40 

2.75 

2.14 

2.75 

3.45 

4.20 

2.41 

3.24 

4.21 

5.30 

0.83 

0.87 

0.91 

0.93 

0.73 

0.79 

0.84 

0.88 

0.59 

0.67 

0.74 

0.80 

0.51 

0.60 

0.68  0.75 

100 

0.29 

0.35 

0.42 

0.49 

0.23 

0.29 

0.36 

0.43 

0.16 

0.22 

0.28 

0.35 

0.13 

0.18 

0.23  0.30 

1.41 

1.58 

1.75 

1.92 

1.66 

1.96 

2.28 

2.62 

2.05 

2.61 

3.24 

3.93 

2.30 

3.05 

3.93  4.93 

0.90 

0.92 

0.94 

0.95 

0.84 

0.87 

0.89 

0.91 

0.74 

0.78 

0.82 

0.85 

0.68 

0.72 

0.77  0.81 

250 

0.13 

0.15 

0.18  0.21 

0.11 

0.13 

0.15 

0.18 

0.08  0.10 

0.12 

0.15 

0.06 

0.08  0.10  0.12 

1.16 

1.22 

1.29 

1.37 

1.26 

1.38 

1.51 

1.65 

1.44 

1.65 

1.90 

2.16 

1.56 

1.84 

2.17 

2.55 

0.97 

0.97 

0.98  0.98 

0.94 

0.95 

0.96 

0.96 

0.89  O.vi 

0.92 

0.93 

0.85 

0.87 

0.89  0.91 

500 

0.04 

0.05 

0.06 

0.07 

0.04 

0.04 

0.05 

0.06 

0.03  0.04 

0.04 

0.05 

0.02 

0.03 

0.04  0.04 

1.05 

1.07 

1.09 

1.11 

1.08 

1.12 

1.16 

1.20 

1.15 

1.22 

1.30 

1.39 

1.20 

1.30 

1.41 

1.53 

For  values  of  n  >  60,  the  values  in  the  above  table  were  computed  by  using 
the  normal  approximations  given  in  (3.3). 


Table  1C.  PCS  (top  line),  P(NCS)  (middle  line)  and  E(S)  (bottom  line) 

p»  0.90  delta*  0.03 


tm 

3 

5 

1< 

ns 

3 

fll 

5 

2 

3 

4 

5 

2 

3 

1  00 

1.00 

1.00 

1  00 

1.00 

1  .00 

1.00 

\ 

1.00 

1.00 

1.00 

099 

1  00 

1  00 

1  .00 

0.99 

1 .00 

1  .00 

1  .00 

0.99 

1  00 

2.98 

3.00 

3.00 

3.00 

4.96 

5.00 

5.00 

5 .001 

9.82 

10.00 

0.98 

1  .00 

1.00 

1.00 

0.98 

1  .00 

1  00 

1  .00 

097 

1  oo 

0  95 

0  99 

1.00 

1.00 

0.94 

0.99 

1.00 

1  .00 

0  93 

0.99 

2  88 

2.98 

3.00 

3.00 

4.73 

4.95 

4.99 

5.00 

9.35 

9.68 

0.96 

0.99 

1  00 

1  00 

0.94 

0.99 

1  00 

1  .00 

0  93 

0.98 

0.89 

0.97 

0.99 

1  .00 

0.86 

0.96 

0.99 

1  .00 

0.83 

0.95 

2.74 

2.93 

2  98 

3.00 

4.38 

4.82 

4.96 

4.99 

8.39 

9.52 

0.94 

0.98 

1.00 

1  .00 

0.91 

0.98 

099 

1  .00 

0.87 

0.96 

0  83 

094 

098 

1.00 

0.78 

0.92 

0.97 

099 

0  73 

0.89 

2.60 

2.86 

2.96 

2.99 

4.05 

4.64 

4.89 

4.97 

7.44 

6.99 

0.92 

0.98 

C .  99 

1  00 

0.88 

0.96 

0.99 

1  .00 

0.83 

0.94 

0  77 

0  90 

0.96 

0.99 

0.72 

0.87 

0.95 

0.98 

0.65 

0.83 

2.47 

2.77 

2  92 

2.98 

3.76 

4.44 

4.79 

4.93 

6.66 

8.41 

0.91 

097 

0.99 

1.00 

0.86 

0.95 

0.98 

1.00 

0.80 

092 

0.73 

0.86 

0.94 

0.98 

0.66 

0.82 

0.92 

0.97 

0.58 

077 

2  36 

2.69 

2.87 

295 

3  52 

4.24 

4.67 

4.88 

6.04 

7.86 

0  90 

0  96 

0  99 

1.00 

0.85 

0.93 

0.98 

0.99 

077 

0.90 

0.68 

082 

0.91 

0.96 

0.62 

0.78 

0.89 

0.95 

0.53 

0.72 

2.27 

2.61 

2.82 

292 

3.31 

4.06 

4.54 

4.80 

5.53 

7.36 

0.89 

0.95 

0.98 

099 

0.83 

0  92 

0.97 

0.99 

075 

0.88 

0.65 

0.79 

089 

095 

0.58 

0.74 

0.86 

0.93 

049 

067 

2. 19 

2.53 

2.76 

2.89 

3.  14 

3.88 

4.40 

4.72 

5.12 

6.90 

0.88 

0.95 

0.98 

0.99 

0.82 

0.91 

0.96 

0.99 

073 

0.86 

0.62 

0.76 

0.86 

093 

0.54 

0.70 

0  83 

0.91 

0.45 

063 

2.11 

2.46 

2.70 

2.85 

2.99 

3.72 

4.27 

4.63 

4.77 

650 

0.88 

0.94 

0.97 

0.99 

0.81 

0.90 

0.96 

0.98 

0.72 

0.85 

0.59 

0  73 

0.83 

0  91 

0.51 

0.67 

0.90 

0.89 

0.42 

059 

2  05 

2.39 

264 

2.81 

2.86 

3.58 

4.14 

4.53 

4  48 

6. 14 

1.00  1.00  0.92  0.99  1.00  1.00 

099  1.00  0.92  0.95  0.99  1.00 


0.98  1.00  0.90  0.93  0-99  1.00 

0.93  0.98  0.61  0.81  0.92  097 

9.38  9.80  9.35  12.24  13.90  14.64 

0.97  0  99  0.76  0.90  0  97  0  99 

O  89  0.96  0.54  0.74  088  0.95 

9.02  9  62  8.30  11.28  13.26  14.31 

O  96  0  99  0.73  0.88  095  098 

0.8S  O  94  0.48  0.68  0.83  0.92 

8.65  9  40  7.47  10.42  12.60  13.92 


8.89  6.27  8.99  11.32  13.00 


Table  1C  (Continued).  PCS  (top  line),  P(NCS)  (middle  line)  and  E(S)  (bottom  line) 


p  *  0.90  delta  *  0.03 


k* 

3 

5 

_ 

10 

_ 

15 

d-2 

3 

n 

5 

2 

. 

3 

a 

5 

1 2 

3 

4 

5 

2 

3 

m 

5 

n 

0.86 

0.93 

0.96 

0.98 

0.77 

0.87 

0.93  0.97 

0.64  0.78 

0.88 

0.94 

0.56 

0.72 

0.84 

0.92 

60 

0.53 

0.66 

0.77 

0.86 

0.44 

0.58  0.71 

0.82 

0.33 

0.47 

0.62 

0.75 

0.27 

0.41 

0.56 

0.70 

1.91 

2.24 

2.51 

2.71 

2.54 

3.20 

3.79 

4.25 

3.61 

5.04 

6.46 

7.69 

4.37 

6.47 

8.69 

10.74 

0.86 

0.92 

0.96 

0.98 

0.77 

0.86 

0.93 

0.96 

0.64 

0.77 

0.86 

0.93 

0.56 

0.70 

0.82 

0.90 

70 

0.49 

0.61 

0.73 

0.82 

0.41 

0.54 

0.66 

0.77 

0.30 

0.43 

0.57 

0.69 

0.25 

0.37 

0.51 

0.64 

1.83 

2.14 

2.41 

2.62 

2.39 

3.01 

3.58  4.06 

3.34 

4.63 

5.96 

7.18 

3.99 

5.86 

7.91 

0.90 

0.86  0.92 

0.95  0.98 

0.77 

0.86 

0.92 

0.96 

0.63 

0.76 

0.85 

0.92 

0.55 

0.69 

0.81 

0.89 

80 

0.45 

0.57 

0.68  0.78 

0.38  0.50 

0.62  0.73 

0.28 

0.39 

0.52 

0.65 

0.22 

0.34 

0.46 

0.59 

1.76 

2.06 

2.32 

2.53 

2.27 

2.84 

3.39 

3.87 

3.12 

4.30 

5.54 

6.73 

3.70 

5.38 

7.26 

9.16 

0.86 

0.91 

0.95 

0.97 

0.77 

0.85 

0.91 

0.95 

0.63 

0.75 

0.84 

0.91 

0.55 

0.68  0.79 

0.88 

90 

0.42 

0.53 

0.64 

0.74 

0.35 

0.46 

0.58  0.69 

0.26 

0.36 

0.48 

0.60 

0.21 

0.31 

0.42 

0.55 

1.70 

1.98 

2.23 

2.45 

2.17 

2.70 

3.22 

3.70 

2.94 

4.02 

5.18 

6.32 

3.46 

4.99 

6.73 

8.52 

0.86 

0.91 

0.95 

0.97 

0.77  0.85  0.91 

0.95 

0.64 

0.75  0.84  0.90 

0.56 

0.68  0.79 

0.87 

100 

0.40 

0.50  0.61 

0.70 

0.33 

0.43 

0.54  0.65 

0.24  0.34  0.45 

0.56 

0.19 

0.28  0.39 

0.51 

1.65 

1.91 

2.16 

2.38 

2.08 

2.58  3.08  3.54 

2.79 

3.78 

4.87 

5.96 

3.27 

4.66 

6.27 

7.97 

0.90 

0.93 

0.95 

0.97 

0.84 

0.88 

0.91 

0.94 

0.73 

0.79 

0.84 

0.89 

0.66 

0.73 

0.79 

0.85 

250 

0.19 

0.24 

0.29 

0.35 

0.16 

0.21 

0.26 

0.32 

0.12 

0.16 

0.21 

0.26 

0.10 

0.13 

0.18 

0.23 

1.28 

1.40 

1.53 

1.67 

1.47 

1.70 

1.94 

2.20 

1.80 

2.22 

2.70 

3.24 

2.02 

2.59 

3.26 

4.04 

0.96 

0.97 

0.97 

0.98 

0.92 

0.94 

0.95 

0.97 

0.86 

0.89 

0.91 

0.93 

0.81 

0.85 

0.88 

0.91 

500 

0.07 

0.09 

0.11 

0.13 

0.06 

0.08  0.10 

0.12 

0.05 

0.07 

0.08  0.10 

0.04 

0.06 

0.07 

0.09 

1.10 

1.15 

1.19 

1.25 

1.18 

1.26 

1.35 

1.45 

1.32 

1.48 

1.66 

1.87 

1.43 

1.65 

1.90 

2.20 

For  values  of  n  >  60,  the  values  In  the  above  table  were  computed  by  using 
the  normal  approximations  given  In  (3.3). 
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Figure  38.  EXPECTED 
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